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Anisotropic scattering profiles of charged gels in a deformed state
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The structure factor of weakly charged polymer gels under external mechanical strain is calculated consid-
ering both thermal and frozen concentration fluctuations as well as the screening of ionic interactions. The
butterfly patterns are discussed based on our result.@S1063-651X~99!14105-9#

PACS number~s!: 82.70.Gg, 46.05.1b, 05.20.2y
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It is now a well-known fact that the frozen inhomogene
of the crosslink density results in a large-scale density va
tion when gels are swollen@1#. Furthermore, when the swo
len gels are uniaxially elongated, these density variati
have an extended correlation length in the stretched direc
longer than in the perpendicular direction@2–4#. On the
other hand, the thermal density fluctuations are suppress
the stretched direction. This is responsible for the format
of the so-called anomalous butterfly patterns of the scatte
intensity. It is characterized by the unusual orientation
isointensity lines along the direction of maximum dilation
small scattering vectors.

When charges are introduced into a neutral polymer
electrostatic~Coulomb! interactions modify the behavior o
polymer gels significantly. To give a notable example, suc
system undergoes a microphase separation transition w
the solvent becomes poorer with respect to the network p
mer @5,6#. This is because a macroscopic phase separa
would lead to a great loss in the translational entropy
counterions which are compelled to follow the polym
chains in the polymer rich domains due to the overall elec
neutrality requirement. In view of the intricate interplay b
tween the long range nature of ionic interactions and
nonionic interactions inherent in the network structure
study of the butterfly patterns of charged gels is of gr
interest. However, only a few experimental@7,8# and theo-
retical @9# works are available in the literature.

Recently one of the present authors@10# presented a phe
nomenological model of charged polymer gels based on
classical elasticity theory. Our formulation accounts for t
thermal and the frozen concentration fluctuations as wel
for the screening of Coulomb interactions. The structure f
tor that we obtained reproduces all the qualitative feature
the scattering experiment. Since the fluctuations treated t
were those around isotropic states, we extend our metho
fluctuations around anisotropically swollen states in
present paper. To this end we consider a weakly charged
in u or poor solvent. Figure 1 shows the normal and
abnormal butterfly patterns for the charged gel that are
culated from our theory presented below.

In a previous paper@10#, we proposed a free energy fun
tional of the gel, which consists of the mixing free ener
Fmix , the gradient free energyF inh , the elastic free energy
Fel , and the electrostatic free energyFch. The first two parts
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can be expressed in terms of the local polymer volume fr
tion f(x) at the spatial positionx as

Fmix5v1
21kBTE dx@~12f!ln~12f!1xf~12f!#,

~1!

F inh5
1

2 E dx C~f!u“fu2, ~2!

with v15a3, a being the monomer size andC(f)
5kBT/(12af); x is the polymer-solvent interaction param
eter,kB is the Boltzmann constant, andT is the temperature
of the system. The elastic part is given by

Fel5
kBT

2 E dx0n~x0!S ]xi

]xj
0D 2

, ~3!

where the integration region is limited to the region occup
by the initial relaxed state,x05$xj

0% ( j 51,2,3) being the
Cartesian coordinates of the original position whilex5$xj%
is the real position in the deformed gel. Then is the local
crosslink number density. The ionic part is taken to be of
form

Fch5kBTE dxF es

2kBT
uEu21r i lnS r i

e D1ci lnS ci

eD
1cs lnS cs

e D G . ~4!

Here the local counterion densities due to chains and
counterions are denoted byr i(x) and ci(x), respectively,
and the concentration of salt co-ions bycs(x). The local
electric field E~x! is related to the local monomer densi
r~x! via

“•E~x!5e@ f r~x!1cs~x!2r i~x!2ci~x!#/es , ~5!

where e is the elementary charge,es being the dielectric
constant of the solvent, andf is the degree of ionization. I
can be shown that at the level of the Debye-Hu¨ckel approxi-
mation the only effect of the electrostatic interactions~4! is
to replace the second virial coefficientw[v1(122x) by the
effective @wave-vector~q! dependent# one
5891 ©1999 The American Physical Society
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w̃q5w1
4p l Bf 2

q21k2 , ~6!

with l B[e2/(4peskBT) being the Bjerrum length;k21 is the
Debye screening length given by

k254p l B~ f r̄12c̄s!, ~7!

where r̄ and c̄s are average densities of monomers and
coions.

The other things being the same, we can readily exam
small fluctuations around anisotropic, homogeneous sta
just as Onuki did for neutral gels in Ref.@3#. Thus the scat-
tering function~normalized byf! in the anisotropically de-
formed charged gels becomes

FIG. 1. Theoretical isointensity curves for a charged
stretched uniaxially~in the horizontal direction!; the upper one~ab-
normal butterfly! represents the gel withx50.5 while the lower
normal pattern corresponds to the gel withx50.64. The scales o
parallel and perpendicular scattering vectors are in units of Å21.
The plot is obtained from Eq.~8! with N550, L52, andp* 55;
other parameters used aref050.07, f50.1, f 50.0457,

a58.12(Å), l̂ B510.8, andĉs50.04 as in Ref.@10#.
lt

e
s,

S~q!5
1

H~Q!
1

p̂~ q̂!

H2~Q!
, ~8!

where

H~Q!512fS 122x1f1
f 2

Q2/~ l̂ BN!1 ĉtf
D 1

Q2

N

1
6

N
S f0

f
D 2/3

J~ q̂!, ~9!

with Q5aN1/2q, l̂ B54p l B /a, ĉt5 f 12ĉs , ĉt5 c̄s / r̄, and

p̂~q!5p*
6

N S f0

f D 2/3

J2~ q̂!. ~10!

Here N is the average number of chain monomers betw
neighboring crosslinks, andf0 is the average polymer vol
ume fraction in the relaxed state; in Eqs.~9! and ~10! and
hereafter the average volume fraction is simply written asf
~or f0). The dimensionless parameterp* represents the de
gree of frozen inhomogeneities, andJ(q̂) depends on the
direction q̂[q/q of the wave vectorq as

J~ q̂!5~f/f0!2/3AimAjmq̂i q̂ j , ~11!

where$Ai j % is the average strain tensor.
The scattering function~8! shows a rich variety of pos

sible behavior, which depends on the values of many th
modynamic parameters. Let us specifically examineS(q) of
the uniaxially deformed gels as a function of the solve
quality. @In passing, we emphasize that the result~8! is ob-
tained by the mean-field approach. Therefore the applica
ity of our result to gels in good solvents is very limited; in a
athermal solvent we expect that the strong fluctuation ef
leads to the breakdown of the mean-field approach. See
the remark given in@11#.# For uniaxially stretched gels,$Ai j %
is diagonal and Axx5(f0 /f)1/3L, Ayy5Azz
5(f0 /f)1/3L21/2, so that

J~ q̂!5S L22
1

L D cos2 u1
1

L
. ~12!

The L is the elongation ratio (L.1) with respect to the
isotropically swollen state, and cosu5qx /q. The divergence
of S(q50) which signals the macrophase separation ta
place atx5xma where

xma5
1

2 S 11f1
f 2

~ f 12ĉs!f
D1

~f0 /f!2/3

4fNL
, ~13!

while the microphase separation point at whichS(q) di-
verges at a finiteq is reached atx5xmi ,

xmi5
1

2
~11f!1S l̂ B

12f
D 1/2

f 2
f 12ĉs

24
l̂ B1

~f0 /f!2/3

4fNL
.

~14!

As may be easily proved, the inequalityxma>xmi holds~the
equality applying to the Lifshitz point!. It then implies that
one will observe only the microphase separation upon
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crease of the solvent quality, irrespective of the deformat
The new feature characteristic of polyelectrolyte gels can
seen by studying the crossover from the abnormal to
normal butterfly pattern. The crossover condition depe
sensitively on the strength of neutralization degree and
concentration. We define this abnormal to normal (A→N)
crossover point by the condition that]u

2S(0)uu5p/250. This
condition becomesx5xc where

xc5
1

2 S 11f1
f 2

~ f 12ĉs!f
D2

~f0 /f!2/3

8fN~p* 2L/2!
, ~15!

with p* .L/2, and the abnormal butterfly pattern will appe
at x,xc .

Inspection of expressions~14! and ~15! shows that for
fixed p* , the microphase separation instability precludes
A→N crossover in the dilute concentration (f!1) regime
@11#. By decreasing degrees of ionization, however, we p
dict the appearance of the crossover as the scattered inte
increases. For fixedf, on the other hand, the magnitude
anomalous angular anisotropy ofS(q) increases dramatically
by the increase of the degree of inhomogeneityp* , similarly
to the case of neutral gels. As shown in Fig. 2, theA→N
crossover threshold is pushed down by decreasingp* .

The scattering profiles measured by the small-angle n
tron scattering~SANS! experiment on two different poly

FIG. 2. The abnormal to normal crossover threshold (xc) vs
polymer volume fraction~f! for charged gels atf 50.1 in the reac-
tor batch (f5f0) with no added salt. The upper curve correspon
to the gel with p* 52, the lower to thep* 51.1 gel; the other
parameters used areN550 andL52. In each case we observe th
normal ~abnormal! butterfly pattern forx.(,)xc . The dotted
curve represents the microphase separation instability (xmi), while
the macrophase separation threshold (xma) is drawn by the dash-
dotted curve.
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~acrylic acid! gels under almost the same conditions we
reported in Ref.@7#. For a weakly charged sample~with f
50.1) synthesized by adding the neutralizer~NaOH! before
crosslinking, the anisotropy is normal, whereas it is abn
mal for the sample~with f 50.1) synthesized with NaOH
added after crosslinking. The observation of both types
butterfly shapes can be attributed to the different degree
inhomogeneities in the two samples. Another observation
a dramatic increase of the scattered intensity with decrea
the ionization degree or with increasing the salt concen
tion is also in accord with our result; as naturally express
by Eq. ~14!, the presence of salt~or equivalently, the weak-
ening of the repulsive electrostatic interaction! reduces the
stability of the gel against microphase separation. Howe
the concomitant experimental result that the normal butte
pattern for a gel with no added salt turned into the abnorm
one with added salt at smallq is in conflict with our result
~15!; according to our theory, increasingc̄s lowers the
threshold value ofxc , disfavoring an abnormal shape. W
notice that an alternative theoretical approach to char
gels, developed recently in Ref.@9#, suffers from the same
difficulty. At present we cannot explain the experimental s
dependence of the scattering at lowq.

In this connection we note that a weakly charged poly~N-
isopropylacrylamide-co-acrylic acid! (NIPA-co-AAc) gel
was investigated in Ref.@8# under uniaxial deformation a
various temperatures. Due to the strong hydrophobicity
poly-NIPA, the SANS pattern showed an abnormal butter
pattern in spite of the presence of charges. The gel was
pared when the acrylic acid was ionized. Hence, this re
should be compared with the normal pattern reported in R
@7# for the ionized gel in the presence of NaOH. The cont
diction between two results may result from the difference
the degree of hydrophobicity and the degree of ionizat
between the two systems. In order to resolve these disc
ancies we clearly need more scattering experiments wh
probe the wider range of thermodynamic parameters. At
same time a more quantitative comparison between the
and experiment, as is done in Ref.@8#, should be very infor-
mative.

In summary, the previous phenomenological model
charged gels has been extended to treat the anisotropi
deformed states. The crossover between abnormal and
mal butterfly patterns is discussed in comparison with av
able, albeit scanty, experimental observations. The prob
cannot be resolved completely.
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